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Abstract. In this paper we obtain sharp Lieb-Thirring inequalities for a 
Schrodinger operator on semi-axis with a matrix potential and show how they 
can be used to other related problems. Among them are spectral inequalities on 
star graphs and spectral inequalities for Schrodinger operators on half-spaces with 
Robin boundary conditions. 



1. Introduction 

Let us consider a self-adjoint Schrodinger operator in L^(]R'') 

H = -A-V, (LI) 

where V is a real-valued function. If the potential function V decays rapidly 
enough, then the spectrum of the operator H typically is absolutely continuous 
on [0, oo). If V has a non-trivial positive part, then H might have finite or infinite 
number of negative eigenvalues {— A„(i/)}. If the number of negative eigenvalues 
is infinite, the point zero is the only possible accumulating point. The inequalities 



<-^d If m'-V{x)r_d^dx<L,,, [ Vl^-^dx (1.2) 



are known as Lieb-Thirring bounds. Here and in the following, V± = {\V\ ±V)/2 
denote the positive and negative parts of the function V. 

It is known that the inequality (11.21) holds true with some finite constants if and only 
if7> 1/2, d = 1; ^ > 0, d = 2 and 7 > 0, d > 3. There are examples showing 
that ([L2l) fails for < 7 < 1/2, d = 1 and 7 = 0, d = 2. 

Almost all the cases except for 7 = 1/2, d = 1 and 7 = 0, (i > 3 were justified 
in the original paper of E.H.Lieb and W.Thirring QLT] . The critical case 7 = 0, 
d > 3 is known as the Cwikel-Lieb-Rozenblum inequality, see HCwi iLl iRozH . It 
was also proved in [iFel ILYl IConll and very recently by R. Frank [|Fr] using Rumin's 



approach. The remaining case 7 = 1/2, c? = 1 was verified by T.Weidl in HWIL 

The sharp value of the constants i?^ ^ = 1 in (|1.2I) are known for the case 7 > 3/2 
in all dimensions and it was first proved in [ILTI and HAizLI for c? = 1 and later in 
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HLWli ILW2II for any dimension. In this case 



d ._ 

'-/,d ■ 



The only other case where the sharp value of the constant i?^ ^ is known is the case 



-Rl/2,1 — 2. 

In this paper we consider a one-dimensional systems of Schrodinger operators act- 
ing in L2(M+, C^), M+ = (0, oo), defined by 



n^{x) = ( - — ®I- (p'(0)-6^(0) = 0, (1.3) 



where I is the N x N identity matrix, V is a Hermitian N x N matrix-function and 
& is a N X N Hermitian matrix. 

Assuming that the potential V generates only a discrete negative spectrum, we de- 
note by {— A„} the negative eigenvalues of "H. 

One of the main results of this paper is the following 

Theorem 1.1. Let TiV'^ G V > 0. Then the negative spectrum of the 

operator "H defined in (11.31 ) is discrete and the following Lieb-Thirring inequality 
for its eigenvalues {— A„} holds 




n=2 



< 




(1.4) 



where x^, is the multiplicity of the eigenvalue —A 



Examples. 

1. Let = and N = 1. Then the boundary value problem 



-ip"{x) = -A(p(x), (^'(0) - aip{0) = 0, cr < 0, 
has only one L^-solution 



In this case the inequality (11.41) becomes saturated, | o"'^ — | o"'^ < | a^. 



2.LetN = 2,V = and 




a <Q 
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2a) If a > then the boundary value problem (11.31) has one negative eigenvalue 
—A of multiplicity one satisfying the identity —\/\ = a. In this case 2xi — = 
and the inequality (11.41 ) becomes 

,3n _3 



or 



3A Tr 6 = 3A (T (1 - a) < (1 - a^) a'' = Tr 6^ 



3(a- 1) <a^ -1. 



which holds true for any a > 0. 

2b) If — 1 < a < 0, then the problem (11.31) has two eigenvalues satisfying — \/Ai 
a and — \/A^ = —aa and (11.41 ) is reduced to 



3(a - 1) - Aa^ < - 1. 



2c) Finally, if a = —1, then —\/Xi = o is of multiplicity xi = 2 and (11.41) becomes 
identity. 



Note that if Tr & < 0, then the inequality (11.41) implies 

1-1 CO o l-OO 

\\iTiG + -{2x^-N)\T + y^Xn\T<T7: TTV\x)dx. (1.5) 

^ ^ n=2 

The latter allows us to use the standard Aizenman-Lieb arguments HAizLH and de- 



3 

4' 



nve 



Corollary 1.2. Let Tr < q, V > and Tr V^+^/^{x) G ^^(0, oo). Then for any 
7 > 3/2 we have 

i3(7-3/2,5/2) 4 ^ 2^ ^ 

/■oo 

Jo 

where by B{p, q) we denote the classical Beta function 

I {1-ty-Hp-Ut. 

Jo 



B{p,q) 



Corollary 1.3. If& = 0, then (11.31) can be identified with the Neumann boundary 
value problem and we obtain 

- (2x1 - N) xiA? + J2 ^nXl < / Tr (r(x))^+^/2 ^ > 3/2. 

^ 1-) J 
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Remark. 

Note that in the scalar case N = Iwe obtain 

lS>^l + Y.^l<Li, V^^''\x)dx, 7>3/2, (1.6) 

n=2 

which means that the semi-classical inequality holds true for all eigenvalues start- 
ing from n = 2 and that in the latter inequality the Neumann boundary condition 
affects only the first eigenvalue. 

If V > is a diagonal N x N matrix-function, then the operator T-L could be 
interpreted as a Schrodinger operator on a star graph with N edges; the matrix (3 
describes a vertex coupling without the Dirichlet component UKuH . In such a case 
we obtain: 

Theorem 1.4. Let V > be a diagonal N x N matrix-function and let & be a 
Hermitian matrix. Then the operator (11.31) can be identified with a Schrodinger op- 
erator on a star graph with N semi-infinite edges and its negative spectrum satisfies 
the inequality (11.41) . 

If both V > and & are diagonal N x N matrices, then the negative spectrum of 
the operator "H is the union of the eigenvalues from each channel and we obtain 

Theorem 1.5. Let V > 0, TiV"^ e L^{0, oo) and let V and & be diagonal N x 
N matrices with entries Vj and aj, j = 1, . . . N, respectively. Then the negative 
eigenvalues of the operator % defined in (ll.3|) . satisfy the inequality 

N N N oo Q /-oo 1 

jE^..-. + 5 E^'i' + EE^'n' £ Te / TrF^W<(. + iTr6', (1.7) 

j=l j=l j=l n=2 

where —Xjn are negative eigenvalues of operators hj defined by 

h.tPix) = -^Hx) - Vj{x)ij{x), V'(0) - (Tj^iO) = 0. 

Remark. Note that the inequality (11.71) is much more precise than (11.41) due to the 
diagonal structure of the operator %. In (11.71 ) all N first eigenvalues generated by 
each channel are affected by the Robin boundary conditions, whereas in (11.41) only 
the first one, see Example 2b). 

Finally we give an example how our results could be applied for spectral estimates 
of multi-dimensional Schrodinger operators. 

Let R^^ = {x = {xi,x') : xi > 0, x' E M°'~^} and let iJ be a Schrodinger operator 
in L'^(W^) with the Neumann boundary conditions 

d 

Hip = -Alp -Vip = -Xip, —ip(0,x') = 0. (1.8) 

ox I 

The following result could be obtained by a "lifting" argument with respect to di- 
mension, see [D, IlLTll : 
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Theorem 1.6. Let V > and V G L^+^'Z^^ 7 > 3/2. Then for the negative 
eigenvalues {— A„} of the operator (|1.8I) we have 

E < I V-^n^) dx + \ Li,_, I ^^r^'-'^'\x') dx' 

<2Li^ I V^+^^^dx. (1.9) 

Here jJ^i^x') is the ground state energy for the operator —d'^/dxf — V{xi,x') in 
L^(M+) with the Neumann boundary condition at zero. 



Remark. A similar inequality could be obtained by extending the operator (11.81) 
to the whole space L'^{W^) with the symmetrically reflected potential. However, 
applying then the known Lieb-Thirring inequalities, we would have the constant 
2T+'^/2 instead of 2 in 

2. Some auxiliary results 

In this Section we assume that the matrix-function V is compactly supported, 
supp V C [a, h] for some a,6:0<a<6<oo and adapt the arguments from 



HBLH to the case of semiaxis. 

We begin with stating a well-known fact concerning the ground state of the operator 
(fO . 

Lemma 2.1. Let —A < be the ground state energy of the operator Ti and let 
ip{x) = {(pk}k=o ^ L'^{^+: C^) -vector-function satisfying the equation 

nifix) = -^<^(^) - V{xMx) = -A ifix), if'iO) - &ipiO) = 0, (2.1) 

and such that the 2N vector {f{0), v''(0)) is not trivial. Then </?(x) 7^ 0, x G IR+, 
and the ground state energy multiplicity is at most N. 



Proof. Suppose that ip{xo) = for some Xq > 0. Consider the continuous function 

(p{x), X < Xq 
0, X > Xq. 

This function is non-trivial, belongs to the Sobolev space i/^(R+, C^) and satisfies 

{\(^'\'^ - {V(f,(f)cN) dx = / {\(^'\^ - {Vip,ip)cN) dx 

Jo 

xo rXQ r 

{—(p" — Vip,ip)cNdx = —\ / \ip\'^ dx = —X / dx. 
Jo Jr+ 

Therefore (f minimizes the closed quadratic form associated with "H. Thus by the 

variational principle (f belongs to the domain of "H and solves the Cauchy problem 

pointwise. However, since (p{x) = for x > xq it also solves the backward Cauchy 
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problem with zero initial data at xq and by uniqueness must vanish everywhere. 
This contradicts the non-triviality of (f for a: < a^o- □ 

Similarly to HBU let us introduce a (not necessary L^) fundamental x A^-matrix- 
solution M{x) of the equation (12.11) . where —A is the ground state energy for the 
operator "H, so M satisfies the equation 

- -T^M{x) - V{x)M{x) = -A M{x), M'(0) - 6M(0) = 0. (2.2) 

Denoting M(0) = A and M'(0) = B, B - & A = 0,we shall always assume that 
the matrix A is invertible. 

By using Lemma [TTI we obtain that the matrix-function M{x) is invertible for any 
X G M+ and thus we can consider 

F{x) = M'{x)M-\x). (2.3) 

Lemma 2.2. The matrix function F{x) satisfies the following properties: 

• F{x) is Hermitian for any X G M_|_. 

• F{x) is independent of the choice of the matrices A, B, satisfying the equa- 
tion B — &A = and 

F(0) = BA-^ = G. 

• F satisfies the matrix Riccati equation 

F'{x) + F\x) + V{x) = XI. (2.4) 



Proof. From the Wronskian identity 

JLw{x) := ^(m*{x)M'{x) - {M*{x)y M{x)) =0 
dx dx \ J 

we obtain 

W{x) = M*{x) M'{x) - (M*(x))' M{x) = const. 
Since M(0) = A and M'(0) = B, using the fact that & is Hermitian we find 

W{0) = M*(0) M'(0) - (M*(0))' M(0) 

= A*(^BA'^ - {A*y^B*^ A = A*{e - e*)A = 0. 

Thus 

W{x) = M*{x) M'{x) - {M*{x)y M{x) = 0. 

Multiplying the latter identity by from the right and by (M^^)* from the left 
we obtain F{x) = F*{x). Moreover 

F' + F^ = {M' M~^y + (M' 
= M"M-^ - M' M-^M'M-^ + M' M'^AI'M'^ = (A - V)M M'^ = A I - V. 



SOME SHARP SPECTRAL INEQUALITIES FOR SCHRODINGER OPERATORS ON SEMI-AXIS 7 

□ 

Next, we analyze the behavior of the matrices F{x) and their eigenvalues and eigen- 
vectors as X — !■ oo . For x > b any solution of the differential equation (|2.2I) can be 
written as 

M{x) = cosh(v^(a; - b))M{b) + ^ sinh(v^(x - b))M'{b) 

cosh(VA(x - b))l + sinh(v^(x - b))F{b)^ M{b). (2.5) 
With the help of this representation we show 



Lemma 2.3. For allx >b it holds F{x) = f{x, F{b)), where 

fix, ^) = ^ v^tanh(yA(a;-6))+;x _ ^2.6) 
V A + |Utanh(v A(x — b)) 

Proof. In view of (12.51) we have 

M'{x) = (VXsmh{VX{x - b))I + cosh(yA(x - b))F{b)) M{b), 



(M(x))-^ = (M(6))-i (^cosh(yA(x - + sinh(v^(x - . 

It remains to insert these expressions in the definition F{x) = M'(x){M{x))^^ and 
to apply the spectral theorem for the Hermitian matrix F{b). □ 

Note that f{x, /i) is strictly monotone in /i. As a direct consequence of Lemma 
I2.3l we conclude, that the eigenvectors of the matrix F{x) are independent of x for 
X > bas vectors in C^. Moreover, the eigenvalues of F may or may not depend on 
X outside the support of V depending on if they correspond to growing or decaying 
solutions. 

Corollary 2.4. Each eigenvalue Hk of F{b) gives rise to a continuous eigenvalue 
branch fik{x) = /(x, Hkip)). In particular, we have 

^■k{x) = -V\ iff fik{b) = -a/a, 

and 

lim Hk{x) = 71 iff fik{b) ^ -y/X. 
The limit in the last expression is achieved exponentially fast. 

Remark. There is a one-to-one correspondence between the xi- dimensional space 
of ground states for T-L and a xi-dimensional eigenspace of F{b) corresponding to 
the eigenvalue — a/A. Indeed, since M(x) is a fundamental system of the solutions 
of the Cauchy problem (|2.1I) and F{b) is invertible, any particular solution (p of 
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(12.11) can be represented as ip{x) = F{x){F{b))~^ v with some v G C^. Hence, by 
(1231) 

'^uix) = cosh(-\/A(x — b)) u -\ — — smh.{y/\{x — b))F{b) v 

V A 

= ^ e^^-^) i^y + F{b) e-^("-') {^f\v - F{b) u) . (2.7) 

2vA ^ ^ 2vA ^ ^ 

This function becomes an Li^ -eigenfunction ofH, if and only if F{b) v = —y/Xu. 

3. Proofs of the main results 

Proof of Theorem li.il . 

Let now — Ai be the ground state energy of the operator 7i with mukiplicity xi < 
N, let Mi(x) be a fundamental system of solutions corresponding the eigenvalue 
— Ai and Fi = M/ ^. We consider the operator 

ax 

and its adjoint 

Q*i = 

in L^(M+, C^). Using Riccati's equation (12.41) we obtain the following factorization 
of the original operator "H 

QlQi = ® I + F,\x) + = n + All. 

Consider 

QiQl = ® I - Vix) - 2Fi'(x) + All = - 2Fi'(x) + Ail 

Note that non-zero eigenvalues of QlQi and QiQl are same. However, while the 
vector-eigenfunctions if defined in (|2.7I) satisfy the boundary conditions 

^'(0) - 6^(0) = 0, 

the vector-eigenfunctions of QiQl satisfy the Dirichlet boundary condition at 0. 

Indeed, if (/? is a vector-eigenfunction of QlQi satisfying ip'{0) — 6v^(0) = then 
= QiV' is an eigenfunction of QiQi and 

V'(O) = [Qi^m = <^'(0) - Fi(0)(p(0) = 0. 

Next, let us verify that the kernel kerQi is trivial, and consequently, ^ 
spec((5iQi). Indeed, assume for a moment that there is a non-trivial vector- function 
i}) satisfying the Dirichlet boundary conditions at x = and such that 

QiQ\iP = Q. (3.1) 

Then 

(gigt^,^) = ||g*^|| = o. 
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However, Qlcp = if and only if ip'{x) = F{x)ip{x) for all x G M+ and, in 
particular, ^/''(O) = F(0)^(0) = 0. Since i}) satisfies the equation (13.11) together 
with V'(O) = ^'(0) = we obtain that ^ = 0. 

Hence, the negative spectra of "H and "H — 2Fi coincide except for the spectral 
value of the ground state energy, which does not belong to the spectrum of "H — 2Fi 
anymore. We emphasize that even in the case of a xi-fold degenerate ground state 
— Ai = — A2 = ■ ■ ■ = — A^^ of "H, this commutation method removes all these 
eigenvalues — Ai, — A2, • • • , — A^^j. 

Therefore the spectral problem for the operator (11.3] is reduced to the operator in 



U^^= - V{x) - 2Fi') = -A^ V(0) = 0. 

Let us extend V by zero to the negative semi-axis. Using then the variational prin- 
ciple we can apply the well-known Lieb-Thirring inequalities for ID Schrodinger 
operators with matrix-valued potentials (see [LWll . [IB LI ) and obtain 

^ o poo 

T Af < ^ / Tr (Vix) + 2F,'ix)y dx 

= ^ ^ Tr (V''{x) + ^F[{x){y{x) + dx. 

Using the Riccati equation (12.41) . the fact that the matrix lima;^oo F{x) has the eigen- 
value — of multiplicity h\ and the eigenvalue -y/Ai of multiplicity N — k\ and 
that -F(O) = (3, we finally arrive at 



o /-oo 

gx„A^/2<^ T.(v\x)^^F[{x){\,-Fl{x))dx 

= — / TiV^(x)dx+ -XiTiFAx) --TiF?(x 
16 Jo 4 4 

= — / TTV^{x)dx + -Xi( - xi^/Ti + iN - >ci)^i-TiG 
16 io 4 V 



-i(-xiAf + (iV-xi)Af -Tr6^ 

3 1 3 1 

= — / Try2^x)rfx--(2xi-A^)A?/^--AiTr© + -Tr©l 
16 io 2 ^ ' ^ 4 4 

Finally using standard arguments we can consider the closure of the latter inequality 
from the class of compactly supported potentials to the class L^(M+, x C^). 
The proof of Theorem 1 1.1 l is complete. 

Proof of Corollary \1.2\ 
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Let US denote by A„ = A„(V) the eigenvalues of the Schrodinger operator with the 
potential V. Then by using the variational principle and the inequality (11.51) we find 
that for any 7 > 3/2 

i3(7-3/2,2)^Tr6Ar^/'(V^) 

-. 00 
+ i3(7 - 3/2, 5/2) (- (2x1 - N) A? (V) + >^nXl{V)) 

n=2 

(-Tr6(A,(r)-t)+ 

00 

+ - (2x1 - iV)(Ai(V^) - t)f + J2 MUV) - t)fy-'/' dt 

n=2 

(-Tr6(Ai((V-t)+) 
^ 00 

+ - (2x1 - iv)(Ai((r - t)^f' + ^ MUiv - tufy-'/' dt 

n=2 

o roo poo 

J y Tr {V{x) - t)l ^^^^ 

o poo 

= S(7-3/2,3)— / i:iV''+^/\x)dx. 
16 Jo 

Dividing by 6(7 — 3/2, 5/2) and noting that 



3 i3(7-3/2,3) , 

-^7+1/2,1 



16 i3(7 - 3/2, 5/2) 
we complete the proof. 



Proof of Theorem \1.6\ 

Let {yUj(x')} be eigenvalues of the Neumann problem for the Schrodinger operator 

%Ij{xi,x') — V{xi,x') ip{xi, x') = —fi{x')ip{xi, x') 



dxf 



considering x' as a parameter. 

For any 7 > 3/2 and c? > 1 let us apply the operator version of the Lieb-Thirring 
inequality (see HLWlll ) with respect to MJ^^^ and obtain 



7+(<i-l)/2/ /X , / 



{x ) dx 
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By using (11.61) we find 

POD 

<2L^;V{.-i)/2,i / V^^''/'{x„x')dx,. 



Noticing that 



we obtain the proof. 



T Cl T Cl T Cl 

-^7,d-l-^7+(d-l)/2,l - -^7,c 
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